ABSTRACT: By employing the standard Strong Squeezing Property, the "geometric" existence proof of Constantin et al.
Introduction
Inertial manifolds (finite-dimensional, positively invariant, exponentially attracting Lipschitz manifolds) were introduced in the mid-80s [2] in an attempt to understand the finite-dimensional behaviour observed in many dissipative partial differential equations. Since then there have been several different methods of proof (well summarised in ref. [3] ), based either on analytical methods (the fixed point approach of ref. [4] and many others, or the method of "elliptic regularisation" of ref. [5] ) or more geometric ones: the "graph transform" method of ref. [6] or the "Cauchy" method of ref. [1] . In many of these arguments some form of "cone condition" [6, 7] plays a part. Of central importance in the graph transform method, the cone condition can also be related to the fixed point method [7] in a way that closely links the two arguments.
In [7] it was also shown that a strengthened version of the cone condition, the strong squeezing property [8] , is sufficient to ensure existence of an inertial manifold. This was done using a mixture of geometric and analytical ideas. However, combining the strong squeezing property with the Cauchy method significantly shortens both methods of proof.
Brief formulation of the problem and definitions
Study of inertial manifolds has been centred on equations of the form
where u ∈ H, a Hilbert space, A is a positive self-adjoint linear operator, and f is a Lipschitz map from
. By using the existence in D(A α ) of a bounded absorbing set, it is possible to truncate f [10] so that it is zero outside some sphere
, and
where | · | is the norm on H. Such an equation generates a strongly continuous semigroup S(t) on D(A α ), so that for initial conditions u 0 ∈ D(A α ), u(t; u 0 ) = S(t)u 0 (see ref. [9] ). It is therefore natural to measure distances with respect to the norm in D(A α ).
Since its inverse is compact, A has an orthonormal basis of eigenvectors w j , with corresponding eigenvalues which will be ordered to be nondecreasing,
One can then define the finite-dimensional projection operators P n by
where (·, ·) is the inner product on H. Together with each P n there is the orthogonal (if λ n+1 = λ n ) projection Q n u = (I −P n )u. All inertial manifolds so far obtained have been given as the graph of a Lipschitz function φ :
The proof presented below will use the strong squeezing property, which combines the existence of an invariant cone with the exponential decay of the difference of trajectories outside the cone.
Definition. Let u 1 (t) and u 2 (t) be two solutions of (1). The strong squeezing property holds if for some N and l
implies that
for all t ≥ 0, and furthermore that if
for 0 ≤ t ≤ t 0 and some k > 0.
A sufficient condition for the strong squeezing property to hold is that [7, 9] λ
known as the spectral gap condition.
The existence theorem
The approach adopted combines the cone condition and the "Cauchy method" of ref. [1] .
Theorem. Suppose that there exists a global attractor A with Hausdorff dimension d H (A), and that the strong squeezing property holds for some N > d H (A) + 1. Then the set Σ, given by
where Γ ≡ ∂P N Ω ρ , is an inertial manifold given as the graph of a Lipschitz function. The manifold M, defined by
is also an inertial manifold and is asymptotically complete [11] , i.e. for any trajectory u(t) there exists a point u 0 ∈ M s.t.
The following method is partially suggested by a comment in ref. [12] , which obtains existence by a different method related to the graph transform. Indeed, it is clear that once an inertial manifold has been constructed (3) will give the manifold. However, in the argument below (3) is used to prove the existence of such a manifold directly.
Proof. The first step is to show that Σ is the graph of a Lipschitz function φ over P N Ω ρ . Since f = 0 for |A α u| > ρ, clearly
Thus the cone invariance part of the strong squeezing property implies that for any two points u i in ∪ 0≤t≤t 0 S(t)Γ,
since by (4) the two initial points satisfy (2) . Thus the function φ defined over P n Σ is Lipschitz over its domain of definition. All that remains to show that P n Σ ⊃ P n Ω ρ . Since the semigroup is continuous, P n Σ is connected. Furthermore, the dimension of the attractor is less than N − 1, so A cannot divide the manifold (cf. ref. [12] ). Thus P n Σ ⊃ P n Ω ρ . Σ is positively invariant by construction, as is M. It remains only to prove the asymptotic completeness property of M.
Define V (u) (cf. refs. [7] and [11] ) by
the intersection of M with the complement of the invariant cone from the strong squeezing property. It is easy to show that V (u) is compact, since it is closed and bounded: for any
(a bound on φ = sup p∈P H |A α φ| can be easily obtained using the variation of constants formula). Now consider a sequence of times t n → ∞ and points v(t n ) ∈ V t n (i.e. V (u(t n ))). By the negative invariance of V t , u(n) = S(−t n )v(t n ) ∈ V 0 , and by compactness of V 0 there exists a limit point of the u(n), u 0 ∈ V 0 , such that S(t)u 0 ∈ V t for all t ≥ 0. Thus, by the strong squeezing property,
which is asymptotic completeness, and clearly implies exponential convergence to M.
Conclusion
It has been shown that when the strong squeezing property holds (and provided N is large enough) an inertial manifold is given by
Furthermore, the eventual behaviour of any trajectory u(t) is given by some trajectory v(t) lying on the manifold, so that
ensuring that the behaviour on the manifold does indeed capture all the asymptotic dynamics of the system.
The importance of the strong squeezing property is highlighted by its use as a basis for the "Cauchy" method, while the proof itself becomes much more transparent. Furthermore, this approach is extremely useful when trying to use eq. (5) to numerically approximate the inertial manifold, as it makes such a construction easier to apply to discrete versions of eq. (1).
